Abstract. Let p1 ≡ p2 ≡ −q ≡ 1 (mod 4) be different primes such that 2 p1 = 2 p2 = p1 q = p2 q = −1. Put d = p1p2q and i = √ −1, then the bicyclic biquadratic field k = Q( √ d, i) has an elementary abelian 2-class group, Cl2(k), of rank 3. In this paper, we study the principalization of the 2-classes of k in its fourteen unramified abelian extensions Kj and Lj within k
2 , that is the Hilbert 2-class field of k. We determine the nilpotency class, the coclass, generators and the structure of the metabelian Galois group G = Gal(k (2) 2 /k) of the second Hilbert 2-class field k (2) 2 of k. Additionally, the abelian type invariants of the groups Cl2(Kj ) and Cl2(Lj ) and the length of the 2-class tower of k are given.
Introduction
The 2-class tower of imaginary quadratic fields k = Q( √ d) with 2-class group of type (2, 2, 2) has been investigated by E. Benjamin, F. Lemmermeyer, and C. Snyder [10] . More recently, H. Nover [23] provided evidence of such towers with exactly three stages. However, nothing was known about base fields of higher degree until A. Azizi, A. Zekhnini, and M. Taous focussed on complex bicyclic biquadratic fields k = Q( √ d, √ −1), which are called special Dirichlet fields by D. Hilbert [13] . In [8] , they determined the maximal unramified pro-2 extension of special Dirichlet fields with 2-class group of type (2, 2, 2) and radicand d = 2p 1 p 2 , where p 1 ≡ p 2 ≡ 5 (mod 8) denote primes. It is the purpose of the present article to pursue this research project further for special Dirichlet fields with Cl 2 (k) of type (2, 2, 2) and radicand d = p 1 p 2 q composed of primes p 1 ≡ p 2 ≡ 5 (mod 8) and q ≡ 3 (mod 4). As predicted in [20, § 4.2, pp. 451-452], the particular feature of the lattice of intermediate fields between a base field k with 2-class group of type (2, 2, 2) and its Hilbert 2-class field k (1) 2 is the constitution by two layers of unramified abelian extensions, rather than by just one layer as for a 2-class group of type (2, 2) , and it seems to be the first time that complete results are given here for the second layer. The layout of this paper is the following. First, all main theorems are presented in § 2. To be able to compute the Hasse unit index Q K = [E K : W K E K + ] of CM-fields K with maximal real subfield K + and the unit index q(K/Q) = [E K : s j E k j ] of multiquadratic fields K with quadratic subfields k j , preliminary results on fundamental systems of units (FSU) of such fields are summarized in § 3. In § 4, one of the seven unramified quadratic extensions of k, denoted by K 3 = k( √ q), turns out to carry crucial information about the Galois group G = Gal(k
2 /k) of the second Hilbert 2-class field k (2)  2 of k, since |G| = 2 · h(K 3 ) ≥ 64. The fact that K 3 , which is contained in the genus field k ( * ) of k, has an abelian 2-class tower permits the conclusion that k has a metabelian 2-class tower of exact length 2. The abelian type invariants of Cl 2 (K j ), in dependence on the 2-class numbers of the subfields Q( √ p 1 p 2 ) and Q( √ −p 1 p 2 ) of K 3 and on the Legendre symbol
, are determined in § 5. Explicit generators, in the form of Artin symbols, a presentation of the second 2-class group G, and the structure of G ′ ≃ Cl 2 (k (1) 2 ), in dependence on the norm of the fundamental unit of Q( √ p 1 p 2 ), are also given in § 5. The nilpotency class c(G) and the coclass cc(G) turn out to depend on biquadratic residue symbols for p 1 and p 2 . The principalization kernels κ K j /k can be given either in terms of generators of Cl 2 (k) or as norm class groups. They are determined as kernels of Artin transfers V G,G j : G/G ′ → G j /G ′ j from G to its maximal subgroups G j , 1 ≤ j ≤ 7, using the presentation of G. These invariants form the transfer kernel type (TKT) of G in [20, Dfn. 1.1, p. 403]. Finally, the abelian type invariants of Cl 2 (L j ), 1 ≤ j ≤ 7, are calculated as abelian quotient invariants G j /G ′ j of the subgroups G j of index [G : G j ] = 4 of G, which make up the transfer target type (TTT) of G in [20, Dfn. 1.1] . We conclude with numerical examples, statistics, and details about the groups G in § 6.
Let m be a square-free integer and K be a number field. Throughout this paper, we adopt the following notation:
• h(m), resp. h(K): the 2-class number of Q( √ m), resp. K.
• ε m : the fundamental unit of Q( √ m), if m > 0.
• O K : the ring of integers of K.
• E K : the unit group of O K .
• W K : the group of roots of unity contained in K.
• ω K : the order of W K .
• i = √ −1.
• K + : the maximal real subfield of K, if K is a CM-field.
• Q K = [E K : W K E K + ] is the Hasse unit index, if K is a CM-field.
• q(K/Q) = [E K : s j E k j ] is the unit index of K, if K is multiquadratic and k j are the quadratic subfields of K.
• K ( * ) : the absolute genus field of K (over Q).
• Cl 2 (K): the 2-class group of K.
• κ L/K : the subgroup of classes of Cl 2 (K) which become principal in an extension L/K (the principalization-or capitulation-kernel of L/K).
Main results
Let p 1 ≡ p 2 ≡ −q ≡ 1 (mod 4) be different primes satisfying the following conditions (1):
Then there exist some positive integers e, f , g and h such that p 1 = e 2 + 4f 2 and p 2 = g 2 + 4h 2 . Put p 1 = π 1 π 2 and p 2 = π 3 π 4 , where π 1 = e + 2if and π 2 = e − 2if (resp. π 3 = g + 2ih and π 4 = g − 2ih) are conjugate prime elements in the cyclotomic field k = Q(i) dividing p 1 (resp. p 2 ). Denote by k the complex bicyclic biquadratic field Q( 
2 be the Hilbert 2-class field of k, k (2) 2 be its second Hilbert 2-class field and G be the Galois group of k (2) 2 /k. According to [5] , k has an elementary abelian 2-class group Cl 2 (k) of rank 3, that is, of type (2, 2, 2). The main results of this paper are Theorems 2, 3 and 4 below; whereas Theorem 1 is proved in [6] , using [5] and [14] .
2.1. Unramified extensions of k. The first and the second assertion of the following theorem hold according to [14] and [5] respectively, the others are proved in [6] . The fields in Theorem 1 are visualized in Figure 1 . Theorem 1. Let p 1 , p 2 and q be different primes as specified by equation (1).
(1) The 2-class groups of k 0 , k 0 are of type (2, 2).
(2) The 2-class group, Cl 2 (k), of k is of type (2, 2, 2).
4) k has seven unramified quadratic extensions within k (6) k has seven unramified bicyclic biquadratic extensions within k (1) 2 . One of them is
the absolute genus field of k and the others are given by:
Moreover L 2 ≃ L 3 and L 4 ≃ L 5 are pairwise conjugate and thus isomorphic and absolutely non-normal, and
are absolutely Galois over Q. 
2 /k). Let H 1 (resp. H 2 , H 3 ) be the prime ideal of k above π 1 (resp. π 2 , π 3 ). Theorem 2. Keep the preceding assumptions, then
= 1, where n and m are determined by:
(3) The length of the 2-class field tower of k is 2.
(4) In dependence on the sign of N (ε p 1 p 2 ), the second 2-class group G = Gal(k (2) 2 /k) of k is given by:
2 ). It is of type
(6) The coclass of G is equal to 4 if
, and it is equal to 3 otherwise. The nilpotency class of G is given by:
2.3. Abelian type invariants and capitulation kernels. Let N j denote the subgroup N K j /k (Cl 2 (K j )) of Cl 2 (k) and let κ K/k denote the (principalization-or capitulation-)kernel of the natural class extension homomorphism
where K is an unramified extension of k within k
2 .
(1) For all j = 3, there are exactly four classes which capitulate in K j , but only two classes which capitulate in K 3 . More precisely, we have:
. Moreover, we have:
, and each L j is of type (A).
(1) The abelian type invariants of the 2-class groups Cl 2 (K j ) are given by: (ii) If
= −1, and of type (2, 4) otherwise.
The abelian type invariants of the 2-class groups Cl 2 (L j ) are given by:
(ii) If
and Cl 2 (L 5 ) are of type (2, 4) .
and Cl 2 (L 5 ) are of type (2, 2, 2).
(iii) If
Preliminary results
Let p 1 ≡ p 2 ≡ −q ≡ 1 (mod 4) be different primes satisfying the conditions
Hilbert symbol for some prime p.
Lemma 1. Keep the notations above. Then (a) If a ± 1 is a square in N, then
= −1, which is false. Thus the result.
(2) As N (ε p 1 p 2 q ) = 1, then x 2 − 1 = y 2 p 1 p 2 q. Proceeding as in (1) we get that the only possible case is:
hence the result.
Lemma 2. Let p 1 ≡ p 2 ≡ −q ≡ 1 (mod 4) be different primes satisfying the con-
and 
is a square in N, which is not the case (Lemma 1). Hence {ε p 1 p 2 q } is a FSU of F , and thus q(F/Q) = 1.
Finally, under our assumptions, P. Kaplan states in [14] that h(p 1 p 2 q) = h(−p 1 p 2 q) = 4. Therefore, the number class formula implies that h(K
Proof. From [14] we get
ac+bd , where p 1 = a 2 + b 2 and p 2 = c 2 + d 2 ; on the other hand, according to [19] we have
, which implies the result.
The following results are deduced from [15] .
the prime ideal of k 1 above 2, and an ideal I of
where
is of type (2 n ), n ≥ 1, and it is generated by 2 1 , a prime ideal of
is of 2-rank equal to 2. It is generated by I and 2 F 1 , where 2 F 1 is a prime ideal of F 1 above 2.
(4) If
and
Using the above theorem, we prove the following lemma.
where p 2 is the prime ideal of k 1 above p 2 , then (π i ) = P 2 i , for all i. So, according to [7, Proposition 1] , P i are not principals in F 1 and they are of order two. On the other hand, as the 2-rank of
(i) In this case, we have p 1 ∼ 1, hence P 1 ∼ P 2 ; note that the elements of order two in Cl 2 (F 1 ) are 2 2 n−1
equivalent to one of these three elements. As
not we would have, by applying the norm
Hence with out loss of generality we can choose P 1 ∼ 2 2 n−1
(ii) In this case, we have p 1 ∼ p 2 ∼ 1, hence P 1 ∼ P 2 and P 3 ∼ P 4 . On the other hand, according to [7, Proposition 1], P 1 P 3 is not principal in F 1 . To this end, note that the elements of order two in
Therefore P 1 is equivalent to one of these three elements. As
can not occur, as otherwise, by applying the norm N F 1 /k 1 , we get p 1 ∼ 2 2 n ∼ 1, which is false. Thus P 1 ∼ I 2 m−2 and P 3 ∼ 2 2 n F 1
The following lemma gives some relations between N (ε p 1 p 2 ) and the positive integers n, m. It is a deduction from [14] and [25] .
= 1, then n ≥ 2 and m = 2. Moreover:
(2) Suppose that N (ε p 1 p 2 ) = 1, then
Moreover:
= 1, then m = 2 and n ≥ 2.
4. On the 2-class field tower of k
In this section, we will prove that the length of the 2-class field tower of k is 2. Show first the following lemma:
Then, according to [3] , 2ε q is a square in F + 2 , thus [4] yields that the unit group of F 2 is E F 2 = i, iε q . As the class number of F 2 is odd, then the 2-rank of K 3 is: r = t − e − 1, where t is the number of ramified primes (finite and infinite) in
The following diagram helps us to calculate t.
Q(
√ q)
Let p be a prime, we denote by p M a prime ideal of the extension M/Q lying above p and e(p M /p) its ramification index. As the extension K 3 /k is unramified (see [6] ), then e(p F 2 /p).e(p K 3 /p F 2 ) = e(p k /p). Moreover, 2 and q are ramified in F 2 and k, then e(2 K 3 /2 F 2 ) = 1 and e(q K 3 /q F 2 ) = 1. On the other hand, for all j ∈ {1, 2} p j q = −1, hence e(p j,F 2 /p j ) = 1, and since e(p j,k /p) = 2 so e(p j,K 3 /p j,F 2 ) = 2. Thus t = 4 and r = 3 − e. To calculate the number e, we have to find the units of F 2 which are norms of elements of K × 3 /F 2 . Let p be a prime ideal of F 2 , then by Hilbert symbol properties and according to [12, p. 205], we have:
• If p lies above
, where j ∈ {1, 2}.
Consequently, e = 1, and thus r = 2.
Proceeding similarly, we prove that the 2-class group of K + 3 is cyclic.
the second Hilbert 2-class field of k and put G = Gal(k
(1) The 2-class field tower of k stops at k
So, according to [17] , we have:
Note that ω K = 2 and ω k ( * ) = ω K 3 = 12 or 4 according as q = 3 or not; moreover
, where ξ is a primitive 6 st root of unity. On the first hand, Lemma 2 yields that
or not, so Q K 3 = 2. On the other hand, [17] implies that
At this end, we know that the 2-class group of K
of order 2h(p 1 p 2 ) (see Lemmas 2 and 6), moreover F is an unramified quadratic
From Lemma 2 we get E K 
, we obtain that ε q is a square in Q( √ q), which is absurd; consequently
Finally, the class number formula allows us to conclude that
Hence the equation (2) yields that
is equal to 2 (Lemma 6), so we can apply Proposition 7 of [9] , which says that K 3 has abelian 2-class field tower if and only if it has a quadratic unramified extension
2 ; therefore K 3 has abelian 2-class field tower which terminates at the first stage; this implies that the 2-class field tower of k terminates at k
2 . Let us prove now that |G| = 2h(K 3 ) ≥ 64, for this we distinguish the following cases:
Case 1: Assume that = −1, then [25] implies that h(p 1 p 2 ) = 2 and [14] yields [14] implies that h(−p 1 p 2 ) = 8 and [25] yields that h(p 1 p 2 ) = 4, thus |G| = 128. This ends the proof of the theorem.
From the proof of Theorem 6, we deduce the following result:
the second Hilbert 2-class field of k and put G = Gal(k = −1 and
(2) |G| = 128 if and only if one of the following conditions holds:
(ii)
and h(−p 1 p 2 ) = 16.
(iii)
(iv)
(3) |G| ≥ 256 if and only if one of the following conditions holds:
and h(−p 1 p 2 ) ≥ 32.
Proofs of the main results
Recall first the following result from [12, p. 205 ].
Lemma 7. If H is an unramified ideal in some extension
then the quadratic residue symbol is given by the Artin symbol ϕ =
of Theorem 2 is proved in [5] and [7] . In the following pages, we will prove the other assertions.
(2) Types of Cl 2 (K 3 ) To prove the second assertion we will use the techniques that F. Lemmermeyer has used in some of his works see for example [15] or [18] . Consider the following diagram ( Figure 3 ):
Note first that H j , P j coincide and remain inert in K 3 , and that
where p 2 is the prime ideal of k 1 above p 2 . On the other hand, as H j , with j ∈ {1, 2, 3, 4}, is unramified
Let us determine κ K 3 /k . We know, from Lemma 2, that 
. This yields that
. On the other hand, H 1 H 3 is not principal in k. In fact, there exist x and y in Z such that (
Proposition 1] implies the result. Similarly, we show that H 1 H 4 , H 2 H 4 and H 2 H 3 are not principal in k.
As p 1 p 2 (x ± 1) is a square in N (Lemma 1), so it is easy to see that
From the Figure 3 , we see that K 3 /F 1 and K 3 /F 2 are ramified extensions, whereas K 3 /k is not. Therefore, by the class field theory, we deduce that [Cl 2 (k) :
Hence there exist ideals P and
. Thus we claim that
Before showing this, note that in Cl 2 (F 1 ) and in the case where N (ε p 1 p 2 ) = 1 we have: p 1 ∼ P 1 P 2 ∼ 1 and p 2 ∼ P 3 P 4 ∼ 1, hence P 1 ∼ P 2 and P 3 ∼ P 4 . Therefore, in Cl 2 (K 3 ), we get H 1 ∼ H 2 and H 3 ∼ H 4 . To this end, let t and s be the elements of order 2 in Gal(K 3 /Q(i)) which fix F 1 and k respectively. Using the identity 2+(1+t+s+ts) = (1+t)+(1+s)+(1+ts) of the group ring Z[Gal(F 1 /Q)] and observing that Q(i) and F 2 have odd class numbers we find:
, so the result claimed. Thus Theorem 5 implies that, in Cl 2 (K 3 ), we have:
Moreover, Lemma 4 and
• If
2 , the Hilbert 2-class field of k, and denote by L/K 3 P the Artin symbol for the normal extension L/K 3 ,
For the Artin symbol properties we can see [16] . Note finally that |G| = 2|Gal(L/K 3 )| = 2 n+m+3 .
To continue we need the following result: .
(2) Assume
, this is always possible by Chebotarev's theorem, thus
(equivalence in Cl 2 (k)). Hence the prime ideal r = N k/k 0 (R) of k 0 is equivalent, in Cl 2 (k 0 ), to 2 ∼ P 1 P 2 ∼ q. It should be noted that Cl 2 (k 0 ) is of type (2, 2) and it is generated by P 1 and P 2 , the prime ideals of k 0 above p 1 and p 2 respectively.
Therefore r ∼ q and r ∼ P 1 P 2 , these imply that ±rq = X 2 −y 2 p 1 p 2 q and ±rp 1 p 2 = U 2 − v 2 p 1 p 2 q, with some X, y, U and v in Z. Putting X = xq and U = up 1 p 2 , we get ±r = x 2 q − y 2 p 1 p 2 and ±r = u 2 p 1 p 2 − v 2 q, from which we deduce that
q ) = −1 and ( ±r q ) = 1, which is a contradiction. Similarly, we show that N K 3 /k (P) ∼ H 2 H 3 . Finally, the equivalence N K 3 /k (P) ∼ 1 can not occur since the order of σ is strictly greater than 1. Consequently
, with some α ∈ k. We have two cases to distinguish: 1 st case: If q ≡ 3 (mod 8), then there is only one prime ideal H 0 in k above 2, thus (H 0 H 1 H 2 ) 2 = (2p 1 ). Therefore H 0 H 1 H 2 is principal in k if and only if p 1 (x ± 1) or 2p 1 (x ± 1) is a square in N (see [7, Remark 1] ), which is not the case (Lemma 1). 2 nd case: If q ≡ 7 (mod 8), then there are two prime ideals H 0 and H ′ 0 in k above 2. Thus H 0 H 1 H 2 = (α) implies, by applying the norm N k/k 0 , that P 0 = (α ′ ), where P 0 is the prime ideal of k 0 above 2, hence (2) = (α ′2 ), this in turn yields that 2ε p 1 p 2 q is a square in Q( √ p 1 p 2 q) i.e. x ± 1 is a square in N, which is not the case (Lemma 1). Finally, the equivalence N K 3 /k (A) ∼ 1 can not occur since the order of τ is strictly greater than 1. From which we conclude that
Suppose that I = −1 and
On the other hand, A is a prime ideal of K 3 above 2,
properties and Lemma 7 imply that
Thus Lemma 9 (see below) yields that . The other assertions are proved similarly using .
We can now establish the following relations (equivalences are in Cl 2 (K 3 )):
, thus ρ 4 = 1 .
•
Since H 1 H 3 and H 2 H 3 are norms in K 3 /k, so, with out loss of generality, we can assume that
= 1 and N (ε p 1 p 2 ) = 1, then m ≥ 2, n ≥ 1 and
2 ). We know that [τ, σ] = 1, [σ, ρ] = σ −2 or σ 2 m −2 and [τ, ρ] = τ −2 or τ 2 n+1 −2 , and since σ 2 m −2 ≃ σ −2 and τ 2 n+1 −2 ≃ τ −2 , then G ′ ≃ σ 2 , τ 2 , where G ′ is the derived group of G, hence
(6) The coclass of G. The lower central series of G is defined inductively by
, that is the subgroup of G generated by the set {[a, b] = a −1 b −1 ab/a ∈ γ i (G), b ∈ G}, so the coclass of G is defined to be cc(G) = h − c, where |G| = 2 h and c = c(G) is the nilpotency class of G, that is the smallest positive integer c satisfying γ c+1 (G) = 1. We easily get
c(G) = n + 2 and cc(G) = n + m + 3 − n − 2 = 3. 
, τ 2 n+2 = 1 and γ n+2 (G) = σ 2 n+1 , τ 2 n+1 = 1 . As | G |= 2 n+m+3 , so c(G) = n + 2 and cc(G) = n + m + 3 − n − 2 = 3.
Proof of Theorems 3 and 4.
For this we need the following result. Proposition 1. Let G = σ, τ, ρ be the group defined above.
By induction, we show that for all r ∈ N * , [ρ, τ 2 r ] = τ 2 r+1 . Similarly, we get that
The proof of Theorems 3 and 4 consists of 3 parts. In the first part, we will compute N K j /k (Cl 2 (K j )), for all 1 ≤ j ≤ 7. In the second one, we will determine the capitulation kernels κ K j and the types of Cl 2 (K j ) and in the third one, we will determine the capitulation kernels κ L j and the types of Cl 2 (L j ).
Norm class groups. Let us compute
, the results are summarized in the following table. To check the table entries we use Lemma 7 and the following results which are easy to prove.
Compute N j in a few cases keeping in mind that H 1 , H 2 and H 3 are unramified prime ideals in K j /k.
• Take as a first example:
, so for all j ∈ {1, 2} we get
Similarly, we have:
-If
• Take as a second example:
1 st case: Assume first that
= −1, hence Lemmas 7 and 9 imply that:
-If 
Proceeding similarly, we check the other table inputs.
5.2.2.
Capitulation kernels κ K j /k and Cl 2 (K j ). Let us compute the Galois
2 /K j ), the capitulation kernels κ K j , κ K j ∩ N j and the types of Cl 2 (K j ). The results are summarized in the following Tables 2 and 3 . Put
. Note that, in the Table 2 and for the column G j , the left hand side (if it exists) refers to the case β = 1, while the right one refers to the case β = −1. Whereas, in the Table 3 and for the same column, the left hand side (if it exists) refers to the case I = 1, while the right one refers to the case I = −1. 
To check the tables inputs, we use the following remarks and Lemma 8.
Remark 1. According to Artin symbol properties we get:
From Lemmas 3 and 5, we deduce that:
, then m = 2 and n ≥ 2. Thus ρ 2 = σ 2 τ 2 n and
(2) Assume that
Recall that the Artin map φ induces the following commutative diagram:
the rows are isomorphisms and V G/G j : G/G ′ −→ G j /G ′ j is the group transfer map (Verlagerung) which has the following simple characterization when G j is of
Let us show the table inputs for a few examples.
(a) For the extension K 1 , Table 1 yields that: b = max(n + 1, m + 1). Hence in the Table 4 , the left hand sides (if they exist) of the columns G j and Cl 2 (L j ) refer to the case β = 1, while the right ones refer to the case β = −1; and in the Table 5 , the left hand side of the column G j refers to the case I = 1, while the right one refers to the case I = −1. 
Check the entries in some cases. * Take
. There are two cases to distinguish:
στ ρ, σ 2 , τ 2 or σ, τ ρ, τ 2 ∩ στ, τ ρ, σ 2 = τ ρ, σ 2 , τ 2 according as β = 1 or −1.
On the other hand, in this case we have (στ ρ) 2 = (τ ρ) 2 = ρ 2 τ 2 n+1 , so Cl 2 (L 2 ) ≃ (2, 2, 2).
-2 nd case: If
according as β = 1 or −1. As in this case
Assume now that (
There are two cases to distinguish:
= −1, then Lemma 5 implies that n = 1 and m = 2, hence σ 4 = τ 4 and ρ 2 = σ 2 τ 2 . We have also two sub-cases to discus: Table 3 yields that G 6 = στ, τ 2 = στ, σ 2 , thus G ′ 6 = 1 . Table 3 yields that G 6 = σ 2 , τ , thus G ′ 6 = 1 . As (σ 2 ) 2 = τ 4 and τ 2 n+2 = τ 8 = 1, so Cl 2 (L 6 ) ≃ (2, 2 m+1 ).
• 2 nd case: If
= 1, then Lemma 5 implies that n = 1 and m ≥ 3, hence σ 2 m = τ 4 and ρ 2 = τ 2 σ 2 m−1 . We have also two sub-cases to discus: Table 3 yields that G 6 = τ, σ 2 , thus G ′ 6 = 1 . As Table 3 yields that G 6 = στ, τ 2 , thus G ′ 6 = 1 . As (τ 2 ) 2 = τ 4 = σ 2 m = σ 2 m τ 2 m = (στ ) 2 m and στ is of order 2 m+1 , so Cl 2 (L 6 ) ≃ (2, 2 m+1 ). The other tables entries are checked similarly.
Numerical examples
To obtain a first impression of how the 2-tower groups G = Gal(k The descendant tree of the elementary abelian 2-group of rank 3 is drawn for the first time in Figure 5 . Vertices G of this diagram are classified according to their centre ζ(G) by using different symbols:
(1) a large contour square denotes an abelian group, Groups are labelled by a number in angles which is the identifier in the SmallGroups Library [11] . Here, we omit the order which is given on the left hand scale.
The actual distribution of the 207 second 2-class groups G of bicyclic biquadratic 
Example 2. (Second 2-class groups G with parameters m = 2, n ≥ 2, N = −1) The groups of class c(G) = n + 2,
with n ≥ 2, form the infinite periodic sequence ( 128, 985 , 256, 6720 , 512, 60892 , . . .) with parametrized pc-presentation 
with m ≥ 3, form the infinite periodic sequence ( 128, 986 , 256, 6721 , 512, 60893 , . . .) with parametrized pc-presentation We point out again that the group 64, 180 with m = 2, n = 1, N = −1 is pre-periodic and its presentation does not fit into either of the last two examples, whence it does not belong to either of the two mentioned periodic non-mainline sequences.
The last three examples suggest a very promising characterization of mainline vertices on coclass trees of arbitrary p-groups, which seems to be of a fairly general nature and obviously has not been recognized by other investigators up to now. In Example 2, resp. 3, the small perturbation is the generator t n+2 ∈ γ n+2 (G), resp. t m+1 ∈ γ m+1 (G), of the last non-trivial lower central in the relation y 2 = s 2 t n+2 , where n + 2 = c(G), resp. z 2 = t 2 t 3 t m+1 , where m + 1 = c(G). For the rest, the presentation coincides with the mainline presentation. 
with m ≥ 4, form the infinite periodic sequence ( 256, 5492 , 512, 58909 , . . .) with parametrized pc-presentation We conclude this section with the following tables: Table 6 gives the structure of the class group Cl(k) of the bicyclic biquadratic field k, its discriminant disc(k), the structure of the class groups of its two quadratic subfields k 0 and k 0 , and the coclass of G. Tables 7 and 8 , resp. 9 and 10, give the structure of the class groups Cl(K j ), resp. Cl(L j ), for the case ( Tables 11 and 12, resp. 13, give the structure of the class groups Cl(K j ), resp. Cl(L j ), for the case 
